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TECHNICAL MEMORANDUM

MINIMUM WEIGHT DESIGN OF A LEAF SPRING TAPERED IN THICKNESS AND
WIDTH FOR THE HUBBLE SPACE TELESCOPE-SPACE SUPPORT EQUIPMENT

INTRODUCTION

During the life of the Hubble Space Telescope (HST). on-board optical guidance systems
and scientific instruments will experience degradation. Maintenance or replacement of these systems
will be necessary in order to maintain a fully operational observatory. Due to the cost and risk of
retrieving the HST for ground refurbishment and consequent space redeployment. a series of main-
tenance missions have been identified in order to carry fine guidance sensors (FGS's) and scientific
instruments (SI's) aboard the space shuttle for on-orbit replacement of degraded units. The weight
of these units ranges from approximately 500 to 1.000 Ib.

During the initial launch of the HST. these instruments form part ol a 25.000-1b space
abservatory. This large mass provides the SI's and FGS's with a safe environment from the fre-
quency spectrum of the space shuttle cargo bay. When launched separately as part of a mainte-
nance mission. the protection from the dynamic environment must come from a suspension system
that will preclude damage to these delicate optical and scientific instruments.

As part of the design of the suspension system. leal springs (similar to those found in
automobiles) have been designed to provide the necessary flexibility to alleviate potentially damag-
ing dynamic loading. This report describes the design of a4 concept of a variable width and depth
cantilever spring for the HST maintenance and refurbishment mission.

LINEAR ELASTIC SOLUTION

The basic idea behind the suspension system is to provide a certain stiffness (or flexibility)
so that there is no danger of resonance between the natural frequency of the system (including the
payload) and certain mechanical and acoustical frequencies encountered during the ascent or descent
phase of the mission. There are also certain points in the ascent/descent frequency spectrum that
could induce high transient loads into the hardware and. thus. the natural frequency of the suspen-
sion system should be different than these.

The first step in the design of the spring is to determine its stiffness or spring rate. Because
the design of the suspension system will limit the movement of the spring/mass system to one
direction. its natural frequency can be obtained from the equation of motion of a single degree-ot-
frecdom system

mi+hikv = 0 . (h



Solution of equation (1) leads to definition of the natural frequency of the system [I],

- _ A
j”__‘rrg’ (2)

and solving for the stiffness £ one obtains

2

k = dm(fm)® . (3)

With the stiffness k and the mass m to be isolated, one has the information necessary to begin the
design of the leaf spring. In order to produce an efficient spring that is compatible with the avail-
able installation space, a cantilever with variable width and depth has been selected. This is a
hybrid between type F-3 (triangular cantilever) and type T-1 (tapered cantilever) which can be
found in chapter 10 of reference 2. Figures | and 2 show the suspension system assembly and the
geometry of the spring, respectively. At this point, it should be explained that the beam in figure 2
has the load applied at the two tapered ends through pins. The center (constant cross section) of
the beam is clamped and bolted to essentially provide two cantilever springs instead of a longer
simply supported spring.

By defining the widths and thicknesses at the fixed and free ends of the spring as w,, w,
and 1,, 1., respectively, one can express a linear taper for both the width and depth as

wix) = w, (—2—) +w, (I —%) , (4)
() = 1, (_LL) +1, (n—T") , (5)

where w(x) and 7(x) are the width and thickness at any position x along the length L of each canti-
lever (the origin x, is located at the fixed (clamped) end). The moment of inertia at any point
along the length is

w(.\‘)t(.\')3

I(x) = B (6)
Substituting equations (4) and (5) into equation (6) one obtains
) = (“'|.\‘+\\‘]3.)?(f|.\'+f3)3 ’ 7
where
wy = e (8)
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Wr = w, | 9)
= <« (10)
H»H =1, . (kD

The relationship between the elastic axis of the spring and the bending moment for elastic
deformations is given by the Euler-Bernoulli equation,

1 _ Mw

P El{x) (12)

Equation (12), although derived for prismatic bars, can be utilized in the analysis of tapered beams
with sufficient accuracy as long as the variation of the taper is not extreme [3]. The equation for
the curvature of the elastic beam is

| d*vidv?
P T+ (dvdo ) |

When dealing with small deflections, which correspond to the linear range of equation (13), the ef-
fect of the dv/dx term becomes negligible and one can write

[T+ (dvide)?* P2 =1 . (14)

Combining equations (12), (13), and (14), one obtains the linear elastic range of the Euler-
Bernoulli equation,

=4 (15)

Referring to figure 4 and recalling that the moment of inertia is a function of v. one can
cxpress cquation (13) as

Ed;"; _ 12 P(L—x) ‘ (16)
dx- (wiv s+ !3)“

where

M(x) = P(L—-x) (17)



and J(x) is defined as in equation (7).
sum of partial fractions as follows.

The right hand side of equation (16) can be expressed as a

12 P(L—1Y) _ A B n C 4 D (18)

(W1 - w1 WX+ W Hhy+ 1 (hx+1)° (1hx+10)°
The following are defined.

a = 1 (19a)

h = 371> (19b)

¢ o= 31 (19¢)

d =13 (19d)

¢ = 17w (19¢)

o= w200 (19

¢ = 17wy + 2 (19g)

= 137w (19h)

Jo= (191)

ko= s 1w (19

0 = 1 (19K)

By solving the partial fractions problem of equation (18). and by

using equations (19). one can

obtain the expressions for the constants A, B. C. and D. In matrix form. these equations are.

A a
Bl b
ct |«

D d

e 0 0 -
Fojo
8 Aoy
h 0w

(2M



Substituting the values of A, B, C, and D obtained in equations (20) into equation (18), one can
now express equation (16) as follows,

gLy __A B, C ,_ D 21

dr? Wiv+ s AR o (ll.\‘+fj): (’l—\‘+’2)}

Performing consecutive integrations on equation (21) will lead to the equation for the deflection of
the beam. The first integration leads to the equation of the slope of the beam.

£ (d_-\‘) dy = E dy = A In(w,.\‘+w3)+—B~ In(ryx +15)
Ji [ZA) WY 1y

dx? y
(22)
-—C____ D 4
tl(tl-“+’2) 2f|(f|.\'+fz)_
® is a constant of integration, which evaluated at x=0 with dv/dy = 0 yields
¢ = ¢ +Lj-——A- lnw:—ﬁ 'n[: . (23)
Iilx 2017wy h

Performing a second integration on equation (22) leads to the expression for the deflection at any
point on the beam,

' RY 'y X+ 1A
E f (ﬂ)d\ - By = A[H "\+“'{ln(n'|.\'+W:)}—-\]+£ [,'\*Ilt_- {In(t,.\'+tg)}—x]

I} dy "y Wy h

G : Dy __ 1 : 24
—rl—[“ {ln(r,.\+r3)}] +2t| [r,(!,.\'+13):| +dr+¥ (24)

where Wi wsecond constamt of mtegration which can be evaluated at v=0 where y=0.

\l, = —A('l’zlni"z) - -Bj(fglnfz) +g(]nf3) - Q . (25)
uhy " f'_ 2’|_’2

Equation (24) is the linear elastic solution for the deflection of a variable thickness and width
cantilever beam.

The maximum bending stress for the beam of constant cross section will oceur at the loca-
ton where the bending moment is maximum. This is not the case for a beam having a variable
thickness. Since the moment of inertia of the beam is a function of the cube of the thickness. the



section modulus changes much faster than the bending moment as a function of beam length. This
causes the maximum bending stress to oceur at a location other than the point of maximum bend-
g moment. A normalized plot comparing the bending moment. bending stress. and moment of
mertia for a tvpical cantilevered beam of tapered width and thickness can be found in figure 3. The
expression Tor bending stress for the beam under study s

(T/, — 6 P(L—'\) ) (26)

(Wl.\' + H’:)(f].\' + 13)2

Since the maximum bending stress is now a function of the varying cross section as well as
the location along the length of the beam, one can find the maximum by setting the derivative of
equation (26) equal to zero,

day,
dx

(27)

The resulting expression is a cubic equation in x which can be solved to obtain the location of
maximum stress

Sroatotay =0, (28)
where
= L fmy, B 3
o _?(E)WL,I i (29)
w = -t[2(%) e (290)
2 [I Wy
a; = — walhL 4 13'[;+ \"2’3~j _ (29¢)
: wily 267 2wy

All three roots of equation (28) will be real. with only one root being physically meaningful.
Substitution of the location of maximum stress x,,.. (feasible root of equation (28)) into equation
(26) yields the maximum stress in the beam. At this point. one has the necessary information to
design a beam with a desired stiffness and subject to a maximum allowable bending stress.

WEIGHT OPTIMIZATION

In the aerospace industry. minimum weight of flight structures is of primary importance to
the structural design engineer. The use of the space shuttle as a space transportation vehicle results
in an approximate cost of $1.100.00 per pound to deliver a payload to Earth orbit. It is. therefore.
obvious that lighter payloads result in lower costs and are in the best interest of the government.
The challenge is to be able to minimize the weight of a design by varying a select group of
parameters and not violate constraints that are essential to the structural integrity of the hardware.
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During recent years. advancements in the field of mathematical programming coupled with
the everchanging state-of-the-art in personal computer hardware have provided a great opportunity
for improvement in optimization software and code availability. Commercial and academic optimi-
zation packages are currently available that will work on almost every personal computer hardware
platform. Examples of these are I-DESIGN (University of lowa. Dr. Jasbir Arora) and DOT
(Vanderplaats. Miura & Associates). Other packages that have been generated under government
contracts are ADS. CONMIN. ACCESS. and NEWSUMT. Additional information on optimization

oftware availability can be found in references 4. 5. and 6.

The general problem statement for the minimization of a function of several variables
subject to conditions ol constraint is.

Minimize: F(X) (30
Subject to: edX) =0 i=l.n (30
Xy = 0 k=1. . (32)

where X is the vector containing the design variables. F is the objective function (function to be
minimized). g, are the inequality constraints. and fi; are the equality constraints. In order to limit
the region of search for the optimum. side constraints are imposed on the problem. This 1s accom-
plished by simply imposing upper and lower bounds on the search values of the design variables.

X/=X =X i=ln . (33)

For the problem of weight minimization the objective function 1s the volume of the beam. This
volume can be obtained by integrating a differential element of area over the entire length of the

beam.
l.
Vol = f\t‘(_\‘)t(.\‘)d.\' . (3H
0
where
wiv) = wivtun (35)
Hy) = nvtirs . (36)

and w,. w». ;. and 7> are defined in equations (8) through (11). After performing the necessary
integration. the objective function can be expressed as

WX) = A(ha2)+ 8l () + (2D Cx2d) . (37N



where

Ay = pLY3 (38)
B, = plL>»2 (39)
C, =pl . (40)

and pois the density of the material. In order to express the design variables in o logical and con-
~tent manner tor computer implementation. they have been identified as follows.

A =y (41a)
H2) =, (41b)
W3 =g, (41¢)
W4 =0 (41d)

For the purpose of this report. it is desired to design a beam of minimum weight that does
notexceed the allowable vield stress of the material. This means that the working stress. equation
L2000 may not exceed the vield stress of the material. One can identity this restriction as an
mequality: constraint and. in normalized lashion. it can be expressed as follows.

(T/, ‘ l
J,

i

0 . (42)

Sinee one is looking for a spectlic stiffness of the beam. the maximum detlection must be set
cqual 1o a prescribed value. This value determines the desired natural frequency of the beam for g
prescribed load. Using equation (24). one can identify this restriction as an equality constraint and.
normahized. it will be expressed as tollows,

— -1 =0 . (43)

In equation (24). v indicates the deflection of the cantilevered beam at any location v along
its length. In equation (43). 8 is the maximum deflection of the beam which occurs at the tip of
the cantilever. 8, is the deflection associated with the desired natural frequency of the system to
be dynamically isolated.

Minimization of equation (37). subject to constraint equations (42) and (43). identifies the
optimization problem. This problem can be stated as follows: “Find the minimum weight W of a
variable cross section beam under a specific loading condition that will not exceed the allowable
material yield stress o, and will have a maximum deflection of O

10



The optimization software used in the solution of this problem is Design Optimization Tools
(DOT’s). Version 2.00 of this commercially available software allows solution of the problem
using two known methods. ~modified method of leasible directions”™ (MMFD) or “sequential linear
programming” (SLP). The MMED is a modification of the method of feasible directions (MFD) 1n
which equality constraints can be handled by including them as part of a pseudo-objective function.
The MFD algorithm is not capable of effectively dealing with equality constraints. Description of
the MED and SLP algorithms can be found in references 5 and 7. Description of the MMED can
be found in reference 7.

COMPUTER IMPLEMENTATION

The cantilever beam of variable width and depth with detlection and stress constramts can
tave many feasible solutions. Physically. this means that many combinations of w,,. w.. 7. and 7
will lead to improved designs. Numerically. this means that the initial design variables must be
carefully selected. The fact that the problem has many relative minima indicates that small vari-
Wions in the initial choices of design variables can lead to significant improvement in the design or

nonconvergence.

In an effort to provide reasonable first choices of initial variables. a computer program has
been generated that will provide feasible design solutions. These solutions. although not necessarily
the least weight designs. provide design variables that will attempt to meet the stress and deflection
constraints. The program SPTRIAL thus provides initial solutions to the optimization problem.

Once the initial values of the design variables have been chosen. they are input into the
computer program SPOPT (SPring OPTimization) to obtain a design of minimum weight. SPOPT
is a calling program that accesses the DOT optimizing software. Tables | and 2 are listings of the
Fortran programs SPOPT and SPTRIAL. respectively.

NUMERICAL EXAMPLES

The initial design of the springs for the HST/space support equipment (HST/SSE) was
performed without the benefit of optimization software. This means that numerous hand calcu-
lations were performed and small. tailored computer programs were developed to aid in the many
iterative caleulations involved. The goal here was to obtain a design that would mect the stress and
deflection constraints imposed. Weight minimization. although a big driver. was aimed at changing
material/spring configuration combinations and not at refining the final geometry. Vast
improvements in weight were accomplished by changing from coiled to multileat to single leaf
springs during the preliminary design phase. Once a configuration was selected. the refinement was
limited to adjusting tolerances to meet the desired detlection while maintaining the stresses under
the allowables.

In this section. the author will start from the final spring geometry that resulted from the
preliminary design phase and attempt to optimize the weight by using the SPTRIAL/SPOPT

11
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Table I. Fortran program SPOPT.

TFLICTT DOBLE PRECTSION (A4, 0-7)

DINCKSTON X(4) JA(4,5) KL 14) JUt4) .30, K 16007
GINEHSION A3, 50, TR C000 RN (R0, STRISD)
PHNIT7 FILE C:AFORTRANIOT (AT )

(FENIRITE FILE= "CAFORIRAN VAR DAT ')

PERRIT=S FILE: C FORTRANOEFSTR AT 7

Aok =500
Wik=0
W10ELY
ANil=039
=0

10 CNTIRE
17
M-/
w4
LS

[

WITED, *)ENTER THE BEAN LEWGTH
RO, KD
/—'J’[)

WIIEG, *) EHIER TNITIAL GUESS R M (AN TPURES. 996)

REAV(S. Il
WITES, *1ENTER INTTIAL GUESS FOR W0 (RAKINRE 1600
READLS, 10

WITERS, ) EHIER THITIM QUESS FOR TE (KT 1 4961

READEE M TE

WRITE(G ) EHTER INTTIAL GUESS FOR 76 ki 1 401

READIS, 0110
O WAL VALGES OF THF DESTON VARIABLES *#%
K14
K200
Xi3)=TE
A14):17
[ #eeed [ (MR BOMDS N THE DESION TARTABI£5 #0%%e
A il)=.98
Hid=1.00
K31 4%
M-
C #8000 BOMDS OF THE DESTON VARTABLES *#ve?
K0(1)-9. 99
Xi2-10.0
{i3)-1.4%
Ai4=1.50

WITE(G, *) ENTER PATERIAL DERSITY
READS, IR0

WRITED, *1HTER ALLOVWABLE SIRESS”
READIS, 4 SToALL

WRITES. *1 LNTER DESTRED DEFLECTION
READIS. DAL

BASEW

=1

=50

WL ) ENTER APLIED (G0
RERDDS, 4iF

WITE. *) ENTER MOBHUS OF ELASTICLTY
KRS, Y1

KIRT-BASE T *2310712,

TOEF=PA (R3] (TP IR T
SIRCK-0.0

H 20 =18

S0

2 (NI

IPRINI=3
HIMUAK=-/
W0
e

100 CALL (01 (INFO.METHD. TARINT WOV HON.X 3L 1,
1060, NPAK 6 RYRYS. [FRY1, Wk AR, Tk AR T )

TFEKL) FQ X020 X10-kE2)- o]
TFORGD G Kedi ) Xi3)-Kid)- o
{07

TFHINED.E0. 0160 T0 70

Y0y -300040

kKL

KI=0K031-K0d) 1K)

K514

WITEG W0s 17 Xils Ki2 Xidi Kigs

S5 FORIT 14 9615 61

B (RHORD 13080 38 133D

T+ (RRORO/G1 X Q) KU 114X (51401207

Y
SIRESSGAPHD-KT1 (IR A2 Ik 8 10400
SIS SIRESS

CALL TETLECER) 4745 48 AP BEFL SLOPE. KT 3040, P, 40}

IO FG R0 THEw

P01

FFOTRF 67 Gl ek

/I] (3(7 I /4

Ky dikiShe 300 Kedd 147

STRESI-GRP#0G-XL 17 £ K1k 0T (XA K40 927) )

DAL DEFLECORT K2 35 K8, 80P DEFL T, S0P XD 0. P K
KOGI=1K030- 00814100

STREST AU AR (L X KT k3109

CALL BFFLECTR 3205 X AR DFFL 2 SLPE. KT NG P 4
DEFL=(lEH L) 7

THOKLEQ 400 (EFa -0

SFEASF 5P

STRESS=(STRE S1+5TRES )2
STRAC)-5TRE 5§

TFEKC LG X0, Tk

OF1=(0CFL- (DFFALL 2 0ii i i L2 0]
GUI-CIOEFAL L @367 DFH D7 idicFi [0, 996,
ey

JFISTRESS ¢ STROR 1 THEN

1PN £G4 T3 ot

IRy SR

GiLISTRMK-ST0H 5 Sioni



Table 1. Fortran program SPOPT (continued)

L4, &
HWif

S A-F-A0W
STROR=GIRESS

00 CONTINE
w5
HWIF
rr
TFIKL EQ XD) THEY
DFFA-0EFL
GUL)=(DEFL - (OFFALL . 001D 7 OFFALL#1. 0011
GI3I=1IDEFALL . 999)-0FFL )/ (OFFALL 2, 999)
HMlF
TFISTRESS. (T, STROR ) THEN
IFINCK 60,160 10 67
STROAX-SIRESS
GU2I=(5TRYA-ST6ALLI /S TGALL
MH-=1
ir

67 XIKI-KOWK
SIRCHK-STRESS

50 CONTINGE

HDEREORY A SORT T0 FIND PAXIOURY IF SIRESS 15 STRICILY
INCREASING AT THE FIKED EMD OF THE LEAF STRING ***

ST TS ™

TFINCHK. £0,0) THEH
(AST-RY-1
M 30 1=1.(45T
SH=SiRnit)
A1
HRST=1#1
W 40 S=FIRST KK
IFISHIN.LE.STRALA DGO 10 40
SNN=STRAG)
M=t

W0 (T IR
ST MK =STRILT)
SR T)=SW

30 CWTINE
STRYBK=STRM MK
CI21=(STRIA-STGALL) /5T0ML
EMIF

ST

095 =1 W
M/ HER
45 (WTINGE
75 K=K
SR 4.0
KH-0
WITES *1 [T DEFAx, STRIK
0w
/0 STP
I/

NN e

R

GF FUOR GUALITY
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Table 2.

IPLICIT DOUBLE PRECISTON (4-H, 0-0)
DINEHSION K14, 1414, 5)
OINHSION P14 5)
PERINIT8, FILE="C: \FORTRAN\FIR (AL (AT
b1/ 1£ 1
tan-0
=15
WRITES, *) ERTER ALLOWABLE STRESS'
RERDIS, *STGALL
WRITE, ) ERTER OBRUS OF ELASTICITY
RERDLS, "1
WITES, *) HTER AFFLIED (R0
RERDES, *IP
WRITES, *) ENTER BERY LENGTH
RERDDS, 11
WITES, ) ENTER DENSITY
RO, R0
WITELS *) EHTER DESIRED Tk OFFLECTION
READ(S, *) EDEF
TET={PASTGALL KL "KL 1/ (20
WITES, *) ENTER IKITIAL GUESS FOR THIOHNESS RATID!
RERDLS, "I KRAT
T=TETARAT
TE=10- 00000
WRITED, *) ENTER (ENGTH 10 WIDTH RATIOY
READS, "1
WEH R
W= o
BASE=40
=10
WIS, 200)BASE, HoHT
200 FRAATLLIX, "THE INTTIAL GESS FOR THE CHOSS SECTIONAL AREA" /" AT
{THE BASE (THIXEST PART) OF THE TAPIRED BCAR IS: .7 WIDIH = /6.
2, " & WIONESS = " £6.3)
KIRRT=BASE* (T #3011,
TOEF=PA O 29517 (30 IR
WITE, 100) I0EF
100 FORRAT (7" THE DEFLECTION FOR A CONSTANT &-SECTION BEA, /" WITH TH
HESE DIMEASIONS 15 . 6. 5/
ISTRPRHL4T0/ (2% INRT)
WITES 1011 TSTR
101 FRYATI/ " THE P SIRESS FOR A CONSTANT X-SECTION BEAN, 7 WITH T
[RESE DINEASIONS 1S " F10.3)
WIES 201
7 FORATIY" THE FOULORING RESULTS WiLE IRDICATE THE CYOINATIONS OF
1, W, JE AT 7" THAT PRODUCE THE DESIRED DEFLECTION WITHIN
2/ 58 AT THE EMD OF". /" EACH RN, DESSAGE STATERENTS MIGHT AFPE
IR RECOPENOING WDIFICATIONS ',/ 10 A PREVIOUS RN TN OROFR 10 N
REASE ACCRACY.  THE SLOPE VALUES ARE GIVEN"./" [H RADIANS MWD TN
SOICATE THE SLOPE OF THE BEAY AT THE TIF WHERE THE', /" DEFLECTION [
65 GREATESI. 71
IEIH-IF
nasn-q4
WAT-HEA0
TE=TEIN
H49i-18

Lo

A

Fortran program SPTRIAL.

MK -0

SIRCH=0.0

XM

W J =i W
{17 Wik

X2

Ki31=(TE-Igient

Xigi:Jp

SIRESS-BF M AL AL XL K3k (4014954 )

CALL DEFEY AT i SLFE XL 0.2 0

IFXD 89 KU THEN

TECTOEF. 6T DEFL 1 THEN

0 60 £1 M+]

K306 000 - 101 70 SIRESE =622k -
O R Y Y (T LA
CHLL DEFCE AR EFL T SLFL KT A0 P )
Yt E D0-T00 % STRESD-6*PA KL -
KUK (20 KGR ek04) 19920
CALL DEFEX AP AETL D SLPP KT M0 £ 4L
(EFL= (DEFLIOEFL 21727
AOPEUIF1SIP2% 770
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Hir
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Table 2. Fortran program SPTRIAL (continued)

[FISTRESS LT STROKLTHEN
IFINHK 10,100 10 67
STRUAK-SIRCHK
W=KIeXL WK
WH-1
ol
YRIBIE /S
SIRCHK=STRESS
IFLLEQ KK 1T THEN
TFINCR NE 11 THEN
STROAK=STRESS
IFXLIT0.00K-0.0
IULa
iF
W0 (VT INGF
SRR TER o T R e 0 R G T I
FABSIDEFIL-EUEF)
IFOIFFLE TN
[COnT=]
SLHG-CATAN S (P!
WAL b/
N R e T D D R U
R
w1 05
A5 FORMIL DEFLECTION W W T 1
{OSIRESS SIPE
WRITES. 70I0EHK o W0 TE. 10, STV, W e
WLTES. 2B INEIGHT
25 FORATLY " THE WEIGYT OF THE BEA W17 THES 20N0ns Ty 77 3
I e e B A PR
pHarsENE )

72 FORMT( 1k 7(E10.5, 1K)
IFESTRIE G0 S ToA 13 TN
Aikw !
W 104
HIF
1200
71 FORMATEACIE 5. 100!
TE=TE-TEIN/SD
49 CONTINF
36 WATWAT-. 25
WEWRAT*0
38 CINTINE
TFLICONT £G.0)THEK
WITFI8. 2001
TP HETAT L 8RR DETLECTIONS ARE 7D M ROR I i A raeres
JHRR S0y L REASING THE INTTIAL THiOINESS RATTD #2402 )
8070 30
iF
TFikQw! [0 11 idek
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J01 FORMAT (/#0022 SO0 (0 AL STRESSES EXCEED THE ALIMABLE *#7%9%,
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sequence approach. The importance of having adequate initial values of the design varables will
also be demonstrated. This will be done by comparing the stress. deflection. and weight of initial
ceometries with the optimized configurations. [t will be shown how small deviations from a
feasible initial design can result in nonconvergence of the optimization problem.

The problem to be solved s as follows:

® Design the minimum weight leal springs of a suspension system that will provide protec-
tion to the mass of 3.200 Ib at a trequency of 2.2 Hz with a tactor of safety ot 1.4. The
maximum G-load (load magnitication) that will occur during the ascent and/or descent

nussion 1s 2.63.

The first step is to determine the required spring rate for cach spring (cantilever beam). From
cquation (3). one finds

8y o A, 5 3.200 . -
= LAt = 2.2 4 ——==m0 = [AR241 Ibhin (44)
k, = f4m-m (2.2)4w 386 4

Since the isolation system has been designed such that the springs under design are all in parallel,
one can obtain the spring rate for each beam by dividing the total spring rate by the total number
of beams (in this case 4). Thus, the spring rate for each beam is

ko _ 1.582.41
4

k, = = 395.6 Ib/in . (45)

P

The next step is to determine the maximum load per beam. This will be done by including the
G-load and factor of safety in the calculations,

Wy G(FOS) — (3.20002.63)(1.4) _
- A -

\p

2,946 1b (46)

Py

where
Wy = the total weight to be isolated
G = the G-load
FOS = the factor of safety
N, = the number of springs.

Finally. the maximum deflection of the beam under the design load can be calculated from the
definition of spring rate of a beam

16
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The beam dimensions obtained during the preliminary design phase are found in figure 4.
Figures 3 and 6 show deflection and stress plots of this design. Inspection of the data shows that
the maximum detlection of this beam with the applied load is 6.75 in and the maximum bending
atress is 102,630 psi. It the material selected for the beam is titanium Ti-6A1-4V (allowable bend-
ing stress 104,000 psicand Young's modulus of T6E6). one can sce that the stress constraint is
met. The deflection. however. vields a spring rate of 436 1b per inch. a difference of 10.2 pereent
rom the desired 393.6 1b per inch. This difference results i a natural frequency of 2.31 Hz. a dit-
ference of 5.0 percent from the desired 2.20 Hz. This error is equal to the goal off 5.00 percent
Alowable variation from the design. thercfore. the preliminary design configuration was deemed

aceeptable.
The author will now proceed to design the beam using the SPTRIAL and SPOPT programs.
Table 3 shows the input information required by SPTRIAL.

SPTRIAL is a program to obtain initial feasible designs. It does. however. require that the
user have knowledge of the effects of changing certain variables. For example. the thickness ratio
has a greater effect on the maximum stress than the length-to-width ratio for a given deflection.
This means that if a design is close to a desired deflection but the stresses are slightly above the
allowable. it is recommended to change the length-to-width ratio (instead of the thickness rato) to
modify stresses without significantly affecting the stiffness of the beam. The program aims toward
a desired deflection by varying the initial thickness ratio. The stresses for several width ratios
(w,/w,) are printed along with the weight of the beam and comments on whether the stresses
exceed the allowable. The author has noted. however. that generally the designs that result from
SPTRIAL are accepted by SPOPT 1o yield adequate final designs which meet both the stress and
deflection constraints.

Table 4 shows a listing of the results from SPTRIAL using the input data from table 3.

Table 5 is a listing of the input data required by SPOPT. The sample data shown is from
the first initial design of table 4.

Table 6 shows the output listing from SPOPT for a typical optimization run. In the case
shown. the input data from table 5 were used. The majority of the output listing 1s from the DOT
optimizing code with exception to the stress and deflection values for the optimized beam.

Fven though SPTRIAL greatly helps in the selection of initial values for the optimization
process. it cannot guarantee convergence 104 feasible design every time. Table 7 shows the
optimized results obtained for various initial designs as generated by SPTRIAL. Notice that there
were still two cases where no feasible design was obtained. This could possibly be corrected by
modifying some internal control parameters within DOT. but. due to the fairly consistent values of
the optimized weights. it was felt that modifications would not improve the results greatly.
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Figure 6. Stress distribution for initial leal spring design.

Table 3. Sample of input data required by SPTRIAL.

Enter allowable stress 104,000 psi
Enter Young's modulus 16E6 psi
Enter applied load 2946 b
Enter beam length 29.25 1
Enter beam density 016 Ibmm’
Enter maximum deflection 7.45 1n
Enter initial guess for thickness ratio 0.55*

Enter length-to-width ratio 4.5

The thickness ratio is the main variable used in SPTRIAL to
obtain the desired spring rate. Values between 0.5 and 0.75 are
recommended as Tirst guesses. SPTRIAL will vary this quantity
as necessary to obtain the desired deflection.

" During the derivation of the Euler- Bernoulli beam equation.
a major assumption is that the beam have a fairly slender
geometry The recommended minimum length-to-width ratio
i~ 4.5 where tm width is taken as the average between the
widths at the free and fixed locations.

30.00
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Table 4. Output listing from SPTRIAL.

THE INTTIAL BUESS FOR THE CROSS SECTIONAL AREA
AT THE BASE (THICXEST PART) OF THE TAPERED BEAN 15
VIDIH = 6,500 & THICHESS = 9%

THC DEFLECTION FOR A CONSTANT X-SECTION BEA
VITH THESE OIMENSIONS IS 3. 628

THE PUK. STRESS FIR A CONSTANT X-SECTION BEAY
VITH THESE DINENSIONS 1S 87149 632

THE FOLLOWING RESULTS WILL INDICATE THE CONBTRATIONS OF . W) [F, AR TG
THAT FRODUCE THE DESIRED DEFLECTION WITHIK +/- 58, AT THE EM0 0F

EACH RUK, MESSAGE STATENERTS MIGHT APPEAR RECONIEMDING MOUIFICATIONS

10 A PREVIOUS RUN TN CROER O INCREASE ACOIRACY.  THE SLOFF VALLES ARF 5TVAN
LN RADIANS AND INDICATE THE SLOPE (F THE BEAY AT THE T1P WIERE THE
DEFLECTION IS GREATEST,

l’lﬂl!ll‘Oflll!ilil!lllilﬂifﬂllll!!l!!lllliillillilliilll‘!ll!lllllllfllll!!!l

HALTIN W 13 0 SIRESS  SLOPF
LIHEL01 . 650006401 . B5000+01 . S5061E+00 . AHBOE+00 . 107076406 . 46857640

THE WEIGHT OF THE BEAY WITH THESE DIFENSIONS 1S 19,096

fflll!lililllll!0!lil!lliifllllll!‘l!lll{(illl!ll!!llll!l!llllilllllllllllllll

}lllll!llllllflll'lll!llllll!‘lllllllllll‘!llfl!llllll!l‘!llllllill!ll!llll!ll

HHETIN o W I3 0 SIRESS SILOPF
LI5IERQ1 AETS0E01 . GE000F+D1 . 407 16E+00 . S4E0EH0 . 1068746 46173640

THE HEIGHT OF THE BEAN WITH THESE DINEWSIONS 1S 17,776

l’!‘ll“lﬂ’!lllf!ll!lll!‘!lllfl‘f!ll"l‘ll’l’l!llllllllll!l!llll’llll!ll'll!!l

fil!lllllfllf!l’lfﬂllllllll'l!fl!lllllflfl‘l{lll!llll"l!!lf!lll!lllll!lll’l’l

KAECTIN - W it 10 SIRESS SLOPF
AIR00E0] . I5006+01 . B5000F+01 . 475026400 . SHBDEA0 . 111576406 . 46007 E+00

THE MEIGHT OF THE BEAN WITH THESE DINEHSIONS 1S 16, 285

l!ll‘l‘ll!‘lllfllltl!lllllfl!llllllif!i!iIll‘il‘ll‘!ﬂii‘llllilltlll!ll!!llllil

lf’l‘llllll!l}l'lllfllll!ll!lll‘llllllllll}ll!lll!illllllll!llllllll’lll!ll!!l

OEHETIN - W 3 0 SIRESS SLOPF
SIS . 162906+01 . B000F+01 . 36550400 . IABOE+0 . 1108606 . 464 5E40

THE WEIGHT OF THE BENY WITH THESE DINERSTONS IS 14.627

!lf!ll!‘lllflllflllli‘llllllll!illlll!l‘llllll!lll!!!!llllllillillll’llllllﬂll

I SIOE (R ALL SIRESSES EXCEED THE MLLOWABLE *90e%*
HISESE TOF IMREASING THE INITIAL THICKKESS RATTQ #4944

- N Ui
OLALTY



Table 5. Sample of input data required by SPOPT.

Enter the beam length 29.25
Enter initial guess for w, 6.50 in*
Enter initial guess tor w, 6.50 1n
Enter inital guess for 7, 0.3506 In
Enter initial guess for 7, 0.9048 In
Enter material density 016 Ihm in’
Enter allowable stress 104.000. psi
Enter desired deflection 7.45 1
Enter applied load 2946 b
Enter Young's modulus [6EG psi

“ In order to preclude computational difficulties arising {rom
design cases where w, is cqual 10w, and when 7. 18 equal to
1» SPOPT adjusts the input information to eliminate the possi-
bility of a singularity. For this case. w, s scl equal to 6.4999
without significantly affecting accuracy.

It should be noticed from table 7 that all the initial designs meet the deflection constraint of
7.45 in within approximately 0.050. The stress constraints. however. are violated many times but
this does not preclude convergence to a relative optimum. This indicates that the initial designs
need not be feasible in order Tor the problem to converge. All linal designs were within 0.015 in
of the desired detlection. and the stresses were within 0.5 percent of the desired stress.

Figures 7 through 10 show the convergence history of the optimum design variables.
optimum detlection. optimum stress. and minimum weight. respectively. for the initial design beam
of figure 4. Notice that the final weight is approximately 1 Ib heavier than the initial design (table
“) Increases to the base dimensions w,, and f, were made by DOT in order to obtain a solution
closer to the constraints without significantly violating them.

[t is interesting to find out what the optimum configuration would be if manufacturing (i.e..
material availability) or allocated space restrictions were included in the optimization routine. In
ligure 11 it has been assumed that the only titanium available with the desired properties is a plate
with a thickness of 0.930 in. If 0.020 in is allowed for machining. this means that the maximum
material thickness available is 0.910. It has also been assumed that. due to space restrictions (1.e..
to prevent interference with adjacent hardware), the maximum width allowable is 6.50 in. These
limitations are very close to actual restrictions during the preliminary design eftort and limit the
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Table 6. Output listing from SPOPT (DOT optimizer).

oy o i
b0 0 0 !

0 0=0"*0= T
9 0 0 0 I
oaw o 7

KESIOY CPIIRIATION TS

i) COPIRIGHT, 1985-89
DMSINEERING DESTGY OPTIRIZATION, IK
ALL RIGHTS RESERVED, MORLOWIDF
ViRsIoY 2.0

- YOR INTEGRITY 1S QR COPY PROTECTION -

(HIRA PARNETERS
(PTINIZATION ETHD, i -/
MIBER OF DECISION VARIABLES, My = ¢
NUBER OF CONSTRAINTS, K- 3
PRINT CONTRL PHRAETER, wHr =2
GHIENT PHKETER, &= 0
RAIIENTS ME CALCRATED B o7
M) %9 Wil 9.9
M2 1.00 Wi 21000
mi3 20 W3 149
miy 20 w4 150
== SCALAR PROGRAY FARAETERS
REA PARNETERS
N = -3.00006-07 8 7 = | 00006
2 CININ = 5. 0000003 YR = 100000608
J) UhBS = 1. HBE-07 10) FOC = |, Q000F-(4
4 KL = 1. 00000E-05 117 RN = 4. 00000601
5 0BJ = 1.00000F-01 121 DABSIR = 0. CO0R0F+0
61 D8R = 3 818560 13) DELSTR = 1. ORO0E-03
71Ok = 1000007

22

INTEGER PARAETERS
DIGH = 0  6HH4=- 6 111 =- 0
JISH = 4 JIIgW - 0 1) P2 0
I = & &I - B 13 MITE: 0
g Ime- 7 9= 2

S5IIRITE =7 100 RINT = ¢

STORAGE REQUIRENENTS
ARRAY DINEASTON  REQUIRED
" & Y./
W vl 8
== INITIAL VARHABLES A0 BOLKOS

LOWER BOMDS 0N THE DECISION VARTABLES (X1-VECTOR)
I 39900001 100000600 2. 49900F-01 2. 50000601

DECISTON VARIABLES (X-VECTOR)
11 6.4999900 6. 500006400 5. 50610F-01 3, (HAOGE-01

UFPER BOOKDS (N THE DECISION VARIABLES (XU-VECTOR)
I 9.59900600  1.00000F01 1. 49900600 1. 0000F+00
- INITIAL FORCTION WALUES
/= 130%
CONSTRAINT VALUES (6-VECTOR)
1] 839150605 -1.638516-07 6 40629605
== BEGIK CONSTRAINED DPTINIZATION: MR (ETHD

— [IERATIOY 1 (BJ = 1. 68%0F)
DECISION VARIABLES (x-VECTOR)

1] 64279640 6. 38565600 36479601 8. 982F-01
- [TERATION 2 (B = 1. 855576401

OECISION VARIABLES (X-VECTR)
I} 628560 6.1717600 3. 39267601 9, 28420601

T
NS VIV F NS



Table 6. Output listing from SPOPT (DOT optimizer) (continued)

—~ ITRATIN 3 OB = 1835976401
DECISTON VARIABLES (X-VELTOR)

1) 6205640 6.171FE0 339087601 9. 284206-01
— ITERATION & OB/ = 1855976401

DECISTON VARIABLES (X-VECTOR)
1) 6.AMED 6171V 3397601 3. 24!

— PTINIZATION IS COMPLETE
MIBER (F ITERATIONS = ¢4
CONSTRAINT TOLERACE, (T = -5, 00000¢-05
THERE ARE 3 ACTIVE CONSTRALWTS AKD 0 VIOLATED CONSTRAINTS
CONSTRAINT MIBERS
12 3
THERE ARE 0 ACTIVE SIDE CONSTRAINTS

TERNIMATION (RITERIA

RELATIVE CONVERGENCE CRITERION WS MET FOR 2 CONSICUTIVE [TERATIONS
ABSALUTE CONVERGERCE CRITERION MAS ET FR 2 CONSECUTIVE TTERATIONS

~ OPTINIZATION RESWTS

BHLTIVE, FIK) = 1.EBIEDI

OECISION VARIABLES, £

D M X i
| 999000601 622856400 9.9900600
2 100000 6.17IE0 1. O0000E0)
3 24990001 33927601 1490060
¢ 250000601 9 2400601 1.500006+00

CONSTRAINTS, 61X/
1) 798100 4 3370 -2 7HAEAS

FNCTION CALLS = 46

seesens JHL DEFIECTION FOR THE OPTINIZED BEAN IS #42%4%¢ ] 46416
sseases Jur STRESS FOR THE OPTINIZED BEAY IS *#447%* 10MZ3.

proeoel L TAGE 1S 23
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Table 7. Optimization results for various initial designs.
Design W, w, 1, 1, Weight Det Stress Iteration
Initial 6.500 | 6.500 | 0.351 [ 0.905 | 19.095 | 7.395 | 102.270
Final 6.213 16172 | 0339 | 0.928 | 18.360 | 7.464 | 104.429 46
Initial 4.875 16,500 | 0.407 | 0.905 | 17.776 | 7.375 | 106.470
Final 5.193 7.002 0.402 | 0.878 18.593 | 7.435 | 104.516 66
Initial 3250 16.500 | 0.475 | 0.905 16.285 7.380 1 [11.570
Final 3.5200 | 81221 0493 | 0.817 | 18.422 | 7.459 | 104,022 71
Initial 4.000 16500 | 0.490 | 0.910 17.609 | 6.750 | 102,630
Final 4.245 7.730 | 0.467 0.829 18.662 7.460 | 104470 10Y
Initial 5.850 | 5.850 | 0.286 | 0.995 | 17.541 | 7.427 | 108.890
Finul *H*%% No Feasible Design Was Oblained 5 #
Initial 4.38% 5.850 1 0.336 | 0.995 16.321 7472 | 115,660
Final 5.294 6977 | 0.390 | 0.884 1I8.610 [ 7.436 | 104472 88
Initial 2.925 5.850 0.411 (0.995 15.100 7.368 | 121.600
Final FHExE No Feasible Design Was Obtained #%%%*
Initial 1.463 S50 | 0.498 | 0995 13.624 7.407 | 133,830
Final 1516 1 8.799 | 0.625 | 0.767 | 17.203 | 7.438 [ 104.517 1
10.00 ceneoc v,
3 Ardearara W,
8.00
7.00
2 ]
= 6.00
g ]
‘5 -
c .
2 400
o ]
v 3
(=] 3
3.00 3
2.00 3
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O-OO-IVrlllllrIlllll’[l"ll'll]lll][ll|I!lll]rlll‘[YY[rl'llllll'1
0.00 20.00 40.00 60.00 80.00 100.00 120.00
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number of potential optimum solutions. However, it can be seen that the weight s essentially the
«itme as the optimum solution trom table 7 (18,662 1b). and a good mmprovement toward meeting
e desired deflection and stress constraints 1s obtained. The minimum weight under these con-
ditions s 18,064 1b with the Tollowing parameters:

w, — 6.09 m

w, — 6.30 in

1, — 0350 in

7, — 0910

Deflection — 7.46 1n

Stress — 103,950 psi.

TEST RESULTS

Once the preliminary design was completed and a geometry selected. a spring was manutac-
wred from 6061-T6 aluminum alloy to verity the conliguration. Since the final configuration was
(o be manufactured out of an cxpensive titanium atloy. the decision to proceed would be based on
the outcome of this test,

The test parameters were as follows:

e Maximum load per cantilever — 800 1b

e Maximum expected deflection — 2.934 1n

e Maximum expected stress — 27.868 psi

® Expected spring rate — 273 [bin,

Strain gauge and displacement indicator locations tor the test hardware were as indicated in figure
12. Test procedures and results are n references 8 and 9. Pertinent information is summarized
below:

® Maximum applied load — 800 Ib

e Maximum measured deflection — 3.052 in

e Maximum measured stress — 27.160 pst™

® Mcasured spring rate — 262 Ib/mn.
1t should be noted that the maximum measured stress was obtained at gauge number 4 in figure

12 (9.5 in from the clamped edge). The actual caleulated location of maximum stress is at 10.38 in
from the clamped edge. The calculated stress at 9.5 in is 27.850 psi. a difference of 2.47 pereent.
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Figure 12. Location of deflection and strain gauges.




Figure 13 shows the predicted versus the test values of the detlection for the aluminum test

beam.

CONCLUSIONS

The results of this study show that although time consuming trial-and-error iterations were
performed during the initial design of the leal springs for the HST/SSE. the resulting destgn was
very near an optimum design for the configuration analyzed. The study also shows that with the
availability of personal computer-based optimization software. fairly complicated problems can be
handled with fast solutions and reliable final designs. It is interesting to point out that constraints
1nd limitations such as material availability and possible interference with adjacent hardware can be
included in the optimization procedure as mathematical constraints on the numerical minimization
problem.

[t is important to note that although the derivation of the detlection equations for the spring
wis based on small deflections. comparison with nonlinear Tinite clement solutions show that tor
the range ol deflections required. the difference between both -solutions is acceptable. Care must be
exercised in order to justify the Tincar approximation for applications with larger deflections.

The time has come for design engineers to take advantage of the powerful tools available

lor developing lightweight and structurally wound hardware. All that is required is the desire to
learn and the awareness that the state-of-the-art is advanced by inquisitive minds.

29

SRR GUALITY



0€

3.50

3.00

2.50

2.00

1.50

Beam Deflection

1.00

0.50

0.00

T N SR A AR S I A A AN N I AR A A A A I S I I A

- —— TEST DATA
g — — PREDICTED

lllllllll[llllfllfl]]llIlllll]lllllllIl[IIlllllIl]Illllllll[lll[lllll|lllllllll[lllllll|||

0.00 100.00 200.00 300.00 400.00 500.00 600.00 700.00 800.00 900.00

Applied Load

Figure 3. Test results tor leaf spring (6061-T6 aluminum).



e

'

6.

Y.

REFERENCES

Meiroviteh. L.: “Analytical Methods 1n Vibrations.” The MacMiilan Company. London. 1967.

SAE HS J788: “Manual of Design and Application of Leal Springs.” Society of Automotive
Engincers. Pennsylvania. 1982,

Timoshenko. S.: “Strength of Materials.”™ D. Van Nostrand Co.. April 1955.

Haftka. R.T.. and Kamat. M.P.: “Elements of Structural Optimization.” Martinus Nijhoft Pub-
lishers. Massachusetts, 1985,

Kirsch. U.: “Optimum Structural Design.” McGraw-Hill Book Company. New York. 1981

Venkavya. V.B.. and Khotu N.S. ~Structural Optimization. Structural Mechanics Computer
Programs.” University Press of Virginia. Charlottesville. Virginia. 1974

Vanderplaats. G.N.: “"Numerical Optimization Techniques for Engineering Design.” McGraw-
Hill Book Company. New York. 1984,

Hill. KA. [nteroltice Memorandum ETS2 (86-10). Space Telescope Document Number
ST-DEV-ET86-029. Aluminum Z-Spring. NASA/MSFC. Huntsville. Alabama. April 9. 1986.

Hill. K. A.: Interoltice Memorandum ET32 (86-15). Space Telescope Document Number
ST-DEV-ET86-029. Aluminum Z-Spring. NASA/MSFC. Huntsville. Alabama. April 25. 1986.

31



N’\S’\ Report Documentation Page |

MNazonal Aeroran
Svace Aarnistraton

1. Report Ne 2. Government Accession No. 3. Recipient's Catalog No.

NASA TM-4233

4. Title and Subtille 5. Report Date
Minimum Weight Design of a Leaf Spring Tapered in September 1990
Thickness and Width for the Hubble Space Telescope- & Pulorming Organtsaton Codo
Space Support Equipment
7. Author(s) 8. Performing Organization Report No.
P.I. Rodriguez
10. Work Unit No.

M-645

11. Contracl or Grant No

9. Petforming Organization Name and Address

George C. Marshall Space Flight Center
Marshall Space Flight Center, Alabama 35812

13. Type of Report and Period Covered
12. Sponsoring Agency Name and Address Technical Memorandum

National Aeronautics and Space Administration 14. Sponsoring Agency Code
Washington, DC 20546

15, Supplementary Notes

Prepared by Structures and Dynamics Laboratory, Science and Engineering Directorate.

16 Abstract

A linear elastic solution to the problem of minimum weight design of cantilever beams with
variable width and depth is presented. The solution shown is for the specific application of the
Hubble Space Telescope maintenance mission hardware. During these maintenance missions,
delicate instruments must be isolated from the potentially damaging vibration environment of the
space shuttle cargo bay during the ascent and descent phases. The leaf springs are designed to
maintain the isolation system natural frequency at a level where load transmission to the instru-
ments is a minimum.

Nonlinear programming is used for the optimization process. The weight of the beams is the
objective function with the deflection and allowable bending stress as the constraint equations.
the design variables are the width and depth of the beams at both the free and the fixed ends.

17. Key Words (Suggested by Author(s)) 18. Distribution Statement
leaf springs, nonlinear programming, Unclassified — Unlimited
linear elastic Subject Category: 39
19. Security Classil. {of this report) 20. Security Classif. (of this page) 21. No. of pages 22 Price
Unclassified Unclassified 40 A03

NASA FORM 1626 OCT 86 . . \ N
For sale by the National Technical Information Service, Springfield, VA 22161-2171 NASA-Langley, 1990









